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Abstract

In the present work, two different approaches to model diffusion controlled free radical polymerization, namely the free volume model and

the entanglement theory are compared. These approaches are applied to methyl methacrylate bulk polymerization in a batch reactor to

calculate the conversion, total radical concentration, the number and weight average molecular weights as well as the entire molecular weight

distribution as a function of the polymerization time and the process conditions. All the diffusion-controlled phenomena were taken into

account, including gel, glass and cage effects as well as residual termination. The molecular weight distribution is calculated by direct

numerical integration of a large system of non-linear ordinary differential equations describing the conservation of the mass of

macromolecular species in the batch reactor. Model predictions are in good agreement with available experimental data for conversion,

number and weight average molecular weights as well as the entire molecular weight distribution, thus justifying the ability of these models

to describe the main issues of the diffusion-controlled free radical polymerization.

q 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

The bulk free radical homo-polymerization is a process

of major financial and scientific interest. The main

characteristic of the process is the existence of diffusion-

controlled reactions at high conversion. More specifically,

besides the conventional chemical kinetics of free radical

polymerization, physical phenomena related to the diffusion

of various reactants play an important role in the

polymerization process by directly influencing monomer

conversion history and the product end-use properties.

Reactions that are influenced by diffusion phenomena

include the termination of radicals, the growth of live

polymer chains (propagation reaction), and the chemical

initiation reaction. These reactions are related to the well
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known phenomena of the gel effect, the glass effect and the

cage effect.

The gel effect or Trommsdorff–Norrish effect [1,2] has

been attributed to the decrease in termination rate constants

caused by a decrease in the mobility of polymer chains. In

the early stages of polymerization, the termination kinetic

rate constant is equal to the intrinsic constant kt0, defined as

the termination rate constant at zero conversion and

involving two short chains. As time proceeds, the polymer

concentration increases and the termination reactions

become diffusion controlled. This leads to a decrease in

termination rate constants followed by a sharp increase in

polymer concentration. This auto-acceleration phenomenon

strongly affects the end-use properties of the produced

polymer as it leads to broader molecular weight distribution.

The glass effect is related to the decrease in the propa-

gation rate constant caused by a decrease in the mobility of

monomer molecules due to the ‘freezing’ of the reaction

mixture at the glass transition temperature. More specifi-

cally, at a given high conversion, the polymerization
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temperature is equal to the glass transition temperature of

the reaction mixture. As a consequence, glass transition

occurs and the mobility of monomer molecules decreases

causing a further decrease in the propagation rate constant.

The cage effect is strongly related to the physical and

transport properties of the reaction mixture. As the initiator

decomposes, only a fraction of the fragments escape from

their ‘cages’ and react with the monomer to form primary

radicals. This phenomenon affects not only the initiator

efficiency but also the monomer conversion and the final

product molecular weight distribution.

During the past 40 years, many models [3–38] with

varying degrees of complexity have been published to

describe the onset of the gel effect, monomer conversion as

well as molecular weight developments in the polymeriz-

ation reactor. These models can be classified in two main

categories: entanglement and free volume models.

The entanglement models, based on the reptation theory

of a polymer chain [39–42], show that the termination rate

constant depends on the chain length of individual polymer

chains. The free volume approach is based on the Vrentas–

Duda equation [43,44] for the self-diffusion of a chain in a

polymer solution.

In the past, doubts about both approaches have been

raised in the literature. For example, O’Neil et al. [33]

conducted experiments to examine the gel effect in free

radical polymerization and raised doubt about the model

based on entanglement arguments. In addition, several

investigations [7,12,18] have raised doubts about the models

based on free volume theory.

The aim of our work is to eliminate the shortcomings of

the previous models and re-examine the ability of both

approaches to describe diffusion controlled polymeriz-

ations. This could be achieved by developing a unified

framework with respect to the physics of the process and

comparing the predictions of both models for conversion

history and molecular weight developments in the reactor as

a function of the process conditions.

Regarding the calculation of the molecular weight

developments in the reactor, models assuming that the

kinetic rate constants are independent of individual chain

length could be based on the method of moments [45–49]

which allows the calculation of some characteristic averages

of molecular weight distribution such as the number and the

weight average of molecular weights. Several mathematical

techniques have been proved effective in calculating the

entire molecular weight distribution (MWD) in the presence

of the gel effect assuming that the kinetic rate constants are

independent of the chain length. These techniques include

the statistical approach [50–57], the instantaneous molecu-

lar weight method [58–64], z-transforms [65,66], the

method of moments [67–70], numerical fractionation [71],

deconvolution techniques [72] and the direct numerical

integration method [45,73–75]. However, to calculate the

average molecular weights or the entire molecular weight

distribution in the case of the chain length dependent
termination one has to resort to the Galerkin finite element

method [76–81] or to weighted residuals [82–85].

In the present work, the numerical integration method

[45,73–75] is applied in both free the volume approach and

the entanglement model. The methyl methacrylate diffu-

sion-controlled bulk homo-polymerization in a batch reactor

has been chosen as a working example. In what follows, the

kinetic mechanism of methyl methacrylate polymerization

is described, the corresponding polymerization rate func-

tions are derived, the free volume approach as well as the

entanglement theory is reviewed and a novel methodology

for calculating MWD in the presence of chain length

dependent termination is presented. Finally, results are

presented and conclusions are drawn.
2. Kinetic mechanism and polymerization rate functions

The kinetic mechanism of methyl methacrylate (MMA)

free radical polymerization includes the following elemen-

tary reactions:
Initiator decomposition

I����/
kd

2R0
Chain initiation

R0 CM����/
kIi

R1
Propagation

Rn CM����/
kp

RnC1
Termination by combination

Rn CRm ����/
ktc;n;m

PnCm
Termination by disproportionation

Rn CRm ����/
ktd;n;m

Pn CPm
Chain transfer to monomer

Rn CM����/
Ktm

Pn CR1

where I represents the initiator, M the monomer, Rn and Pn
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stand for the live (free radicals) and the ‘dead’ polymer

having n monomer units, respectively.

In the present work, the propagation rate constant was

assumed independent of the chain length. Recent exper-

iments [38] show that the propagation rate constant can

depend on the chain length for low degrees of

polymerization.

Based on the above mechanism, a large set of non-linear

ordinary differential equations is derived to describe the

mass conservation of the various reactants G in a well stirred

batch polymerization reactor:

dðVGÞ

dt
ZVrG; V ZV0ð1C3XÞ (1)

where V is the volume of the reacting mixture, t, the

polymerization time, rG represents the rate functions of the

reactant present in the reactor, V0, the volume of the reacting

mixture at tZ0, 3 stands for linear contraction factor and X

represents the monomer conversion.

rRn
and rPn denote the net rates of the production of live

radicals and dead polymer molecules, respectively. By

combining the reaction rates of the various elementary

reactions describing the generation and consumption of live

and dead polymer molecules we can obtain the following

expressions for the univariate chain length distribution

(NCLD) [4,13]:

rRn
Z ðkI½R0�½M�Cktm½M�l0ÞdðnK1ÞCkp½M�

!ð½RnK1�K ½Rn�ÞKktm½M�½Rn�K ½Rn�

!
XN
mZ0

ðktd;n;m Cktc;n;mÞÞ½Rm� (2)
rPn Z ktm½M�½Rn�l0 C
1

2

XnK1

rZ1

ktc;n;Kr;r½Rr�½RnKr�

C ½Rn�
XN
mZ0

ktd;n;m½Rm� (3)

where d is Kronecker’s delta and

l0 Z
XN
nZ0

Rn

is the total free radical concentration The termination by

combination terms in the above equations have been written

in accordance with the US definition in the field [4,13,45,

86].

By assuming that the termination rate constants are

independent of the chain length, the above equations can be

simplified further [45–49]:
rRn
Z ðkI½R0�½M�Cktm½M�l0ÞdðnK1Þ

Ckp½M�ð½RnK1�K ½Rn�ÞKktm½M�½Rn�

Kðktd CktcÞ½Rn�l0

(4)

rPn Z ktmM½Rn�l0 C
1

2
ktc
XnK1

rZ1

½Rr�½RnKr�Cktdl0½Rn� (5)

where ktc and ktd are the termination rate constants for

combination and disproportionation. The kinetic rate

constants (ktc, ktd, kp, ktm) in the above equations are

assumed to be a function of the reaction mixture properties

(conversion, number average molecular weight ð �MnÞ,

weight average molecular weight ð �MwÞ) but independent

of the individual chain degree of polymerization.

According to Ray and co-workers [45,46] the leading

moments of the univariate number chain length distribution

(NCLD) associated with live and dead polymer chains are

defined as:

lk Z
XN
nZ1

nkRn; mk Z
XN
nZ1

nkPn (6)

The corresponding reaction rates for the moments can be

obtained from Eqs. (4) and (5) by multiplying each term by

nk and adding over the total variation of n. The final

equations for the moment rate functions are [45–49]:

rlk Z ðkI½R0�½M�Cktm½M�l0ÞdðkÞ

Ckp½M�
Xk
iZ0

k

i

 !
li Klk

" #
K ðktcl0 Cktdl0

Cktm½M�Þlk;

rmkl
Z ðktdl0 Cktm½M�Þlk C

1

2
ktc
Xk
iZ0

k

i

 !
lilkKi

(7)

Combining the above reaction rates with the reactor design

equation (Eq. (1)) results in a low order non-linear system

that is solved numerically. The number average molecular

weight ð �MnÞ and the weight average molecular weight ð �MwÞ

are given as a function of the leading moments:

�Mn ZMW
ðm1 Cl1Þ

ðm0 Cl0Þ
; �Mw ZMW

ðm2 Cl2Þ

m1 Cl1
(8)

where MW is the monomer molecular weight.

The mass balances for the initiator, the monomer and the

primary radicals (R0) are given in standard references [87].
3. Modeling diffusion controlled reactions

DeGennes [39–42] considered the effect of topological

constraints imposed upon the motion of a polymer molecule

by its neighbors. In his view the motion of a given
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macromolecule is confined within a virtual ‘tube’ defined by

the locus of its intersections (or points of ‘entanglement’)

with adjacent molecules. The molecule is constrained and

wriggles, snakelike along its own length by curvilinear

propagation of length defects such as kinks or twists along

the tube. This mode of motion was termed reptation. In the

absence of significant polymer–polymer friction (the semi-

dilute regime), application of scaling analysis in the context

of the reptation model leads to the following law for the self-

diffusion coefficient Ds,n:

Ds;nwnK2cK7=4 c��OcOc�; nONc (9)

where c is the polymer concentration, n the chain length of

the macromolecules and c*,c**and Nc stand for critical

concentrations and a critical chain length, respectively.

Based on Vrentas and Duda free volume theory [43,44]

one can derive the following equation to describe the

concentration and temperature dependence of the macro-

molecular mean self-diffusion coefficient in a polymer

solution:

�Dp Z ðDp0= �M
x
Þexp b Kgðum

�V�
m

Cup
�V�
p x13Þ=ðVfx13Þ c (10)

where �M represents the mean molecular weight of the

diffused species, x is an appropriate number, u stands for

weight fraction, subscripts p and m represent the dead

polymer and the monomer, respectively. Other equation

parameter values for methyl methacrylate polymerization,

as a function of temperature and concentration, have been

tabulated by Achilias and Kiparissides [20].

It should be noted here that there is a variety of laws

describing the molecular weight dependence of the

macromolecular mean self diffusion coefficient in a

diffusion-controlled polymerization. For example, accord-

ing to Marten and Hamielec [7] x is equal to 1.75 and �M
represents the dead polymer cumulative weight average

molecular weight. Soh and Sundberg [14–17] used an

exponent xZ3.4 and suggested that �M is equal to the

instantaneous chain length of the live polymer. Achilias and

Kiparissides [21] suggested that xZ2 and �M is equal to the

dead polymer cumulative weight average molecular weight.

In the present work, �M stands for the number average degree

of polymerization weight of the live polymer and the

exponent x is set equal to 2 according to the reptation model

[13].

It is believed that several investigations [7,12,18] have

raised doubts about the ability of free volume models to

describe diffusion controlled polymerizations due to the

application of different laws describing the molecular

weight dependence of the macromolecular mean self

diffusion coefficient.

Regarding the doubts raised [33] about the ability of the

entanglement theory to predict the gel effect one could

anticipate that a complete entanglement theory should
account not only for the dead polymer entanglements but

also could take into account the effect of the entanglements

on the diffusion of the live polymer. Actually, a complete

theory could apply the free volume approach to predict the

effect of the entanglements on the diffusion of the live

polymer. This task is beyond the scope of the present work.

To account for the segmental diffusion of the radical

chains, the self-diffusion coefficient is multiplied by a factor

Fseg [88]. Therefore, the effective diffusion coefficient is

given by

�Dpe ZFseg
�Dp (11)

To express the overall termination kinetic rate constant kt
(ktZktcCktd) in terms of the free radical self-diffusion

coefficient, most free volume models utilized the Smolu-

chowski equation [89]:

1

kt
Z

1

kt0
C

1

4pNArt �Dpe

Z
1

kt0
C

r2t l0

3 �Dpe

(12)

where NA is the Avogadro number, kt0 stands for the

intrinsic termination rate constant defined at zero conver-

sion and involving two short chains, l0ðZ1=ðð4=3ÞNApr
3
t ÞÞ is

the total concentration of live radicals (Eq. (11) in Ref. [4])

rt represents the effective reaction radius for the termination

reaction calculated either from the live radicals equation

rtZ ð1=ðð4=3ÞNApl0ÞÞ
1=3 or by the excess chain end mobility

theory [14,20,21]. Both approaches give similar results.

The Smoluchowski equation was also utilized to describe

the variation of the termination kinetic rate constants in the

entanglement theory [13,78]:

kt Z kt c!c�

kt;n;m Z 4pNArtðDs;n CDs;mÞZC4pNArtc
K7=4ðnK2 CmK2Þ

cOc�; n;mONc

(13)

The above equation can be further recast to include the

critical chain length Nc, defining the semi-dilute region in

the entanglement theory [78]:

kt;n;m ZC4pNArtc
K7=4½ðnCNcÞ

K2 C ðmCNcÞ
K2�; cOc�

(14)

Following Tirrell and co-workers [78], the value of the

proportionality constant C was calculated by assuming

kt;1;1 Z kt0 at cZ c� (15)

At very high conversion, the termination rate constants have

to be corrected to account for the motion of the radical

chains caused by the monomer propagation reaction. Schulz

[3], Soh and Sundberg [17], Gilbert and co-workers [23]

considered that, at very high conversion, the monomer

propagation reaction contributes to the migration of the

radical center, despite the actual translational immobility of
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the polymer chain as a whole. This phenomenon is known as

‘residual termination’ or ‘reaction diffusion’.

Many models were developed to account for the residual

termination. [17,23] All models assume that the residual

termination rate constant is proportional to the frequency of

monomer addition to the radical chain end:

kt;reac ZAkp½M� (16)

Finally, the overall termination rate constant is given by

kte Z kt Ckt;reac (17)

The cage effect was taken into account following Achilias

and Kiparissides [21] model developments:

1

f
Z

1

f0
CE

r32
3r1

kp0

f0

½M�

DI

(18)

where f0 and f denote the initial initiator (at tZ0) and the

time-varying initiator efficiency, respectively. [M] stands

for the monomer concentration, r2 is equal to the initial

hydrodynamic volume of the polymer, r1 represents the

diameter of MMA molecule and E is a proportionality

constant treated as an adjustable parameter. kp0 is the

propagation rate constant in the absence of diffusion

limitations andDI is the primary radical diffusion coefficient

calculated directly by the Vrentas–Duda free volume

correlation [21]:

DI ZDI0 exp b Kg �V�
I MjI½ðum=MjmÞ

C ðup=MjpÞ�=Vf c (19)

Finally, the glass effect was considered by taking into

account diffusion limitations in the propagation reaction at

high monomer conversion [18,21]

1

kp
Z

1

kp0
C

1

4pNArmDm

Z
1

kp0
C

r2ml0
3Dm

; rm Z rt (20)

where rm is the effective radius for propagation reaction set

equal to the effective radius for termination rt [21].Dm is the

self-diffusion coefficient of the monomer and can be

calculated directly by the Vrentas–Duda free volume

correlation as follows:

Dm ZDm0 exp½Kgðum
�V�
m Cup

�V�
p x13Þ=Vf� (21)

Values of Eqs. (18)–(21) parameters for the methyl

methacrylate polymerization are given in full detail else-

where (Table 1 in Ref. [21]).
4. Calculation of molecular weight distribution

The method of direct integration was applied to calculate

the molecular weight distribution for methyl methacrylate

bulk homo-polymerization in a well stirred batch reactor.

According to this method the Eqs. (2)–(5) describing the
conservation of macromolecular species in the reactor are

solved by standard integration techniques.

As a critical point appears at the c* in the entanglement

models, a 4th order Runge–Kutta integration method with a

varying time step was used. [90,91]. This integration

method is particularly effective in the treatment of critical

points and allows a simultaneous solution of the initiator

and monomer mass balances along with the macromolecular

species mass balances.

A detailed methodology to calculate MWD in the case of

termination kinetic rate constants independent of the chain

length is given in our previous work [75]. The present work

focuses on the case of chain length dependent termination.

In order to increase computational efficiency and decrease

the required time for execution two well established

assumptions were implemented: (a) the quasi steady state

approximation (QSSA) for the live polymer radicals and (b)

the continuous variable approximation (CVA).

To reduce execution time for the solution of the problem

we have to resort to quasi-steady approximation (QSSA).

Hamielec and co-workers [92–95] successfully

implemented this assumption to calculate MWD by the

instantaneous MWD method in linear polymerization with

diffusion controlled termination reactions. According to the

QSSA the rate of variation with time of live radical

concentration, is relatively small, compared to the other

terms of Eq. (1). Consequently, the first term of reactor

design equation drops for live radical mass balances and

these equations are transformed to a highly coupled

algebraic system, ðrRn
Z0Þ which is solved numerically in

order to calculate live radical MWD.

The continuous variable approximation (CVA) was

implemented to decrease the number of equations of the

algebraic live radical mass balance system. The CVA

introduced by Bamford and Jenkins [96], Zeman and

Amundson [76,77] was utilized in many works [78–81]

dealing with the calculation of MWD in free radical

homopolymerization with diffusion limited termination.

By applying the CVA the discrete system is transformed to a

continuous variable system by expanding the concentration

of live radicals having chain length L, in Taylor expansion

truncated after the second term:

½RnK1�Z ½Rn�K
v½R�

vx
jxZn C

1

2

v2½R�

vx2
jxZn (22)

The derivatives in the above expression can be directly

calculated by using a finite difference scheme significantly

reducing the number of equations to be solved:

v½R�

vx
jxZn Z

ð½Rn�K ½RnKhstep�Þ

hstep
;

v2½R�

vx2
jxZn Z

ð½Rn�K2½RnKhstep�C ½RnK2hstep�Þ

h2step

(23)



G.D. Verros et al. / Polymer 46 (2005) 539–552544
where hstep is the chain length step used in the

discretization.

Implementation of CVA reduces the number of mass

balances of live radicals to be solved and transforms them to

an ordinary differential equations system with respect to

chain length that can be directly solved using the finite

difference scheme of Eqs. (22) and (23).

More specifically, the live radicals mass balances (Eq.

(2)) become time invariant equations ðrRn
Z0Þ by applying

QSSA. These equations, by introducing the expanded live

radical concentration in a Taylor series (Eqs. (22) and (23)),

are expressed in the following form:

ðkiR0½M�Cktm½M�l0�dðnK1Þ

Kktm½M�Rn Kkp½M�
ð½Rn�K ½RnKhstep�Þ

hstep

C
1

2
kp½M�

ð½Rn�K2½RnKhstep�C ½RnK2hstep�Þ

h2step

K½Rn�
XN
mZ0

ðktd;n;m Cktc;n;mÞ½Rm�Z 0

(24)

Themain difficulty in calculatingMWD for live radicals arises

from the calculation of summations appearing in the

termination by combination and disproportionation reaction

rates (seeEq. (24)).By substitutingEq. (14) into the summation

XN
mZ0

ðktd;n;m Cktc;n;mÞRm

Eq. (24), the following relation is derived:

XN
mZ0

ðktd;n;m Cktc;n;mÞRm

Z
XN
mZ0

C4pNArtc
K7=4½ðnCNcÞ

K2

CðmCNcÞ
K2�Rm

ZC4pNArtc
K7=4ðnCNcÞ

K2l0 CS0

(25)

where S0 stands for the summation

XN
mZ0

C4pNArtc
K7=4ðmCNcÞ

K2½Rm�; l0 Z
XN
nZ0

Rn

represents the free radical total concentration.

Accordingly, the calculation of the MWD in the case of

the chain length dependent termination includes the

following steps:
(i)
 assume a value for the live radical total concentration

l0.
(ii)
 assume a value for the summation S0.
(iii)
 calculate the entire MWD for live radicals by directly

solving Eq. (24).
(iv)
 calculate the summation S0.
(v)
 assume this value for S0 and repeat steps (ii)–(iv) till

the calculated value and the assumed one for S0 agree

within a tolerance.
(vi)
 given the MWD calculate the live radical total

concentration l0.
(vii)
 assume this value for l0 and repeat steps (i)–(vi) till

the calculated value and the assumed one for the live

radical total concentration agree within a tolerance.
(viii)
 Calculate the discrete summations
1

2

XnK1

rZ1

ktc;n;Kr;rRnRnKr;Rn

XN
mZ0

ktd;n;mRm
transformed to integrals by using the 7-point Newton–

Cotes integration rule, where ‘infinity’ is replaced by

a very large number.
(ix)
 calculate MWD for the dead polymer by solving

macromolecular mass balances (Eq. (3)) with a

varying step 4th order Runge–Kutta method.
This algorithm could be extended in the case of

propagation chain length dependent polymerization without

any difficulty.

By applying the above methodology one can directly

calculate dead polymer normalized weight molecular

weight distribution (WMWD) defined as

XN
iZ1

nPn=X

where X is the monomer conversion.
5. Results and discussion

The model of Achilias and Kiparissides [21], and the

model of Tuling and Tirrell [13,78] were utilized as

representative models of the free volume approach and the

entanglement theory, respectively. Achilias and Kiparis-

sisdes model is based on the method of moments and utilizes

the Vrentas–Duda equation for the self diffusion coefficient

(Eq. (10)) along with the Smoluchowski equation (Eq. (12)),

to calculate termination kinetic rate constants as a function

of polymer concentration, temperature and dead polymer

weight average molecular weight ð �MwÞ. It should be noted

that in the original model �M (see Eq. (10)) represents the

weight average molecular weight of the dead polymer and in

the present model �M stands for the number average degree

of polymerization of the live polymer. This leads to a

significant improvement in agreement between model

predictions for number and weight average molecular

weights and experimental data.

The Tirrell and co-workers model [13] is based on the

reptation theory (Eq. (9)) and the Smoluchowski equation

(Eq. (13)) is utilized to calculate diffusion controlled
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termination rate constants in terms of polymer concentration

and individual macromolecule chain length.

Both models account not only for the gel effect but also

for residual termination, the glass effect and the cage effect

by introducing in each model the appropriate equations as

described in previous sections.

Following Achilias and Kiparissides [21] the adjustable

parameters for the free volume approach include the

quantities Dp0Fseg (see Eqs. (10) and (11)), Dm0 (see Eq.

(21)), E/DI0 (see Eqs. (18) and (19)). Additionally,

following Tirrell and co-workers [78] the residual termin-

ation was treated as an adjustable quantity by introducing

the parameter A (Eq. (16)) in the estimation procedure.

The entanglement model has as adjustable quantities, the

parameter c* (Eq. (14)),Dm0 (Eq. (21)), E/DI0 (Eqs. (18) and

(19)) and the parameter A (Eq. (16)). It was found

convenient to define c* in terms of the critical monomer

conversion Xc, accounting for the onset of the gel effect..

The parameter Nc was found to have very little effect on the

predicted values for monomer conversion, number and

weight average molecular weight [78]. Consequently, this

quantity was not added in the estimation procedure and its

value remains constant in all numerical experiments (NcZ
0).

Values for the physical constants of the reactant mixture

used in our numerical experiments (kinetic rate constant for

initiator decomposition, kp=k
0:5
t , ktm/kp, physical properties,

etc) are given in full detail elsewhere (Table 1, Ref. [21]).

The initiator efficiency was set equal to 0.63. This value for

the initiator efficiency is in good agreement with the

reported value (0.58) by Achilias and Kiparissides [21]. For

the propagation rate constant the reported values of

Beuermann et al. [32] were utilized.

The adjustable parameters of both models were estimated

by fitting models predictions to experimental data of

conversion history, number and weight average molecular

weights versus time, as well as total free radical concen-

tration at different polymerization time. The reaction

conditions and the experimental data of Hamielec and co-

workers [97,98] were employed. They use AIBN at various

concentrations as the initiator in their isothermal exper-

iments and the polymerization temperature was from 50 to

90 8C. Moreover, they represent the weight molecular

weight distribution (WMWD) obtained in their experiments

by GPC as an exponential function:

Normalized WMWD

Z expðA0 CB0XCC0X
2 CD0X

3Þ (26)

where X is the monomer conversion, the parameters A0, B0,

C0, D0 are given as a function of polymerization

temperature and initiator feed concentration in their original

work [97].

In the parameter estimation procedure for the free

volume approach the number and weight average molecular
weights were calculated by using the leading moments

balances (Eqs. (7) and (8)). Then, the entire MWD was

calculated by introducing into the model the previously

estimated adjustable parameters and using the direct

numerical approach [75].

In the entanglement model the number and weight

molecular weight were calculated by solving the entire

MWD. In this case the leading moments for the dead

polymer NCLD were calculated by using their definition

(Eq. (6)) Similar results for the predicted WMWDs by the

reptation theory were shown by Tirrell and co-workers [78].

The difference between their original work [78] and the

present model is the inclusion of the glass effect and the

cage effect in addition to the gel effect. Moreover, these

researchers used the Galerkin Finite Element Method

(GFEM). This method is a powerful tool for solving

complex scientific problems appearing in the Computational

Transport Phenomena but the inclusion of integrals in the

governing equations such as the termination by combination

reaction rates in our case, significantly increases the

computational time as it requires the inversion of a large

non-sparse matrix by full Gaussian elimination [99,100].

The authors are also aware that more sophisticated algo-

rithms based on discrete residuals are available in the open

literature [85]. The main advantage of the present method

over these algorithms is simplicity in code construction and

development based on standard mathematical methods.

Please note, that the present method, due to the application

of well established procedures in its development, could be

used as a reference solution to check the validity of the other

available methods in the open literature.

The method presented in this work is not only easily

implemented in a computer code but is also simple and

effective thus permitting the parameter estimation pro-

cedure with standard non-linear regression methods. The

time step was automatically adjusted by the integration

method resulting in a significant decrease in time required

for computation. More specifically, the step doubling

technique [91] was used to estimate the time step for

integration. In this technique the optimal time step was

estimated by taking each time-step twice, once as a full step

and then independently as two half-steps. Each of the three

separate Runge–Kutta steps in the procedure requires 4

evaluations, but the single and the double sequence share a

starting point so the total is 11 evaluations. Regarding

computational time spent in the calculation of the MWD

with the entanglement model, each evaluation of the 4th

order Runge–Kutta requires 7 s of real time in a computer

equipped with a 2.66 GHz processor to solve simultaneously

4!104 equations (nstepZ10) describing the conservation of

the macromolecular species in the reactor. Most compu-

tational time was spent in the calculation of the termination

by combination summations appearing in the dead polymer

mass balances (Eq. (3)); If the overall termination rate

constant (kt,n,m) is set equal to termination by the

disproportionation rate constant (kt,n,mZktd,n,m, ktc,n,mZ0)



 

   

   

  

   

   

Fig. 1. Monomer conversion versus time for different initiator feed

concentration (CI0). Polymerization temperature 70 8C. Experimental data

from Balke and Hamielec [97].
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the real time spent on calculations is reduced to 0.3 s per

each Runge–Kutta evaluation.

The estimated parameters of both models are summar-

ized in Table 1. The values for FsegDp0 decrease by

increasing temperature and initiator feed concentration. As

Dp0 is a constant the results shown in Table 1 indicate that

Fseg is a strong function of the process conditions and

decreases by increasing temperature and initiator feed

concentration.

In this work, the parameter Dm0 is equal to 10K9–10K8

cm2/s (70 8C) and equal to 10K7–10K6 cm2/s (90 8C). Ju et

al. [101,102] based on diffusion data measurements

expressed this parameter for PMMA as a function of the

absolute temperature T: Dm0ZD0
m0 e

KEm=RT , where R is the

universal gas constant, Em is equal to 87.128 kJ/g mol and

D 0
m0 is equal to 223.4 cm2/s. Based on the above equation

the calculated values of this parameter at the temperature

range of interest are 1.17!10K11 cm2/s (70 8C) and 6.3!
10K11 cm2/s (90 8C), respectively. This discrepancy is

attributed to the fact that in Eq. (20) the effective radius

for the propagation reaction was set equal to the effective

radius for the termination reaction. This simplification could

introduce some error in the estimated values of Dm0.

In Table 1, it is shown that the reactor conditions strongly

influence parameter E and A. However, Russell et al. [23]

reported for AIBN (0.3 wt%) initiated MMA polymeriz-

ation at 70 8C an upper value for parameter A equal to 9.363

and a lower value equal to 0.7. Under the same polymeriz-

ing conditions Soh and Sundberg [17] reported a value equal

to 5.846. The reason for this difference between theory

predictions [17,23] and present work is explained in the

following paragraphs.

There is also a discrepancy between the values of E/DI0,

Dm0 and A as predicted by the free volume and entangle-

ment theory attributed to inherent differences in their ability

to predict experimental data at high polymer concentration.

More specifically, the reptation scaling law for the

concentration dependence of the self-diffusion coefficient

(Eq. (9)) is not valid at high polymer concentration near the

end of the polymerization where the polymer–polymer
Table 1

Estimated parameters

Free volume model

Temperature (8C) CI0 (%wt) FsegDp0 (cm
2/s) D

70 0.3 0.06 1

70 0.5 0.042 1

90 0.3 0.019 2

90 0.5 0.014 4

Entanglement model

Temperature (8C) CI0 (%wt) Xc D

70 0.3 0.393

70 0.5 0.414

90 0.3 0.424 2

90 0.5 0.482 1
interactions are important. This leads to different estimated

values for the glass effect, the cage effect and the residual

termination parameters.

Figs. 1–11 show the results of the numerical experiments

for monomer conversion, total free radical concentration,

number and weight average molecular weight as well as the

MWD. Detailed descriptions of the diffusion phenomena

effects on initiator efficiency, propagation and termination

rate constants, the onset of gel and glass effects as well as

their relation to monomer conversion, number and weight

average molecular weights as well as total radical

concentration for methyl methacrylate polymerization,

have been given by many researchers in the field [1–38].

The present work focuses on comparing the ability of the

different approaches in predicting the MWD as a function of

the process conditions by using a simple and effective

method.

Figs. 1–6 depict the monomer conversion history and the
m0 (cm
2/s) E/DI0 (s/m

2) A

0K8 2.66 14.1

.3!10K9 47.86 31.21

.2!10K6 7.6 38.7

.4!10K7 2239 22.1

m0 (m
2/s) E/DI0 (s/cm

2) A

2!10K9 1.04 14.6

2.8!10K9 27.54 32.4

.5!10K11 2884 82

.44!10K8 43.15 52



 

   

 

   

   

Fig. 2. Monomer conversion versus time for different initiator feed

concentration (CI0). Polymerization temperature 90 8C. Experimental data

from Balke and Hamielec [97].

  

   

   

 

  

   

  

 

Fig. 4. Free volume model. Number and weight average molecular weight

versus monomer conversion for different initiator feed concentration (CI0).

Polymerization temperature 90 8C. Experimental data from Balke and

Hamielec [97].
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average molecular weights for different polymerization

temperatures and initiator feed concentrations as predicted

by the free volume approach and the entanglement theory. A

good agreement between experimental data and models

predictions is observed. However, there is a discrepancy

between experimental data and model predictions for

monomer conversion and average molecular weights near

the end of the polymerization. This discrepancy could be

attributed to the non-isothermal conditions in the reactor

after the onset of gel effect.
  

   

  

   

  

   

  

   

Fig. 3. Free volume model. Number and weight average molecular weight

versus monomer conversion for different initiator feed concentration (CI0).

Polymerization temperature 70 8C. Experimental data from Balke and

Hamielec [97].
In both models, in the early stages of polymerization the

overall kinetic rate constant for termination (kt) remain almost

equal to its intrinsic value kt0. Consequently, the conversion

increases almost linearly with polymerization time (Figs. 1

and 2) and the molecular weights remain almost constant

(Figs. 3–6). However, at a given polymerization time

depending on the reaction conditions (polymerization
   

  

   

 

   

  

   

 

Fig. 5. Chain entanglement theory. Number and weight average molecular

weight versus monomer conversion for different initiator feed concentration

(CI0). Polymerization temperature 70 8C. Experimental data from Balke

and Hamielec [97].



  

   

 

 

  

   

 

 

Fig. 6. Chain entanglement theory. Number and weight average molecular

weight versus monomer conversion for different initiator feed concentration

(CI0). Polymerization temperature 90 8C. Experimental data from Balke

and Hamielec [97].

 

 

 

Fig. 7. Total free radical concentration versus time. Initiator feed

concentration 0.3 wt%. Polymerization temperature 70 8C. Experimental

data from Hamielec and co-workers [98].

Fig. 8. Comparison of predicted weight molecular weight distribution with

experimental data [97]. Polymerization temperature 70 8C. Initiator feed

concentration 0.3 wt%. Polymerization time (a) 3600 s; (b) 5400 s.
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temperature, initiator feed concentration) a sharp increase in

monomer conversion and average molecular weight occurs

due to the auto-acceleration phenomenon (gel effect). The

onset of the gel effect in the free volume approach is a

continuous function of the process conditions while in the

reptation theory it is introduced as a critical point (Xc).

Although these models are based on different physical

grounds, both show a good ability to predict the
experimental data as a function of the process conditions.

This is attributed to the fact that both models follow the

same fundamental law derived from the reptation theory

[39–42] describing the effect of diffused species chain

length on self-diffusion coefficient:

Dsf
1

n2
(27)

It should be noted here that this law is strictly valid in the

semi-dilute region. The error introduced in the model by the

extension of the above law to higher polymer concentrations

where the polymer–polymer interactions are important

could explain the observed discrepancy between the higher

values of parameter A obtained in this work (Table 1) and

the theory predictions.

Moreover, it is shown that the introduction of the radical

number average molecular weight in Eq. (27) instead of

individual species chain length is a reasonable assumption



Fig. 9. Comparison of predicted weight molecular weight distribution with

experimental data [97]. Polymerization temperature 70 8C. Initiator feed

concentration 0.5 wt%. Polymerization time (a) 2700 s; (b) 4820 s.

Fig. 10. Comparison of predicted weight molecular weight distribution with

experimental data [97]. Polymerization temperature 90 8C. Initiator feed

concentration 0.3 wt%. Polymerization time (a) 920 s; (b) 1620 s.
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as in the case of the free volume approach. This is further

supported by the fact that Tirrell and co-workers [13]

obtained excellent results for monomer conversion history

and average molecular weights by introducing in the

fundamental reptation law (Eq. (9)) the radicals number

average molecular weight instead of individual species

chain length.

It should be noted here, that both models besides their

similarities (same equations for the glass and the cage

effect), have fundamental differences in the concentration

dependence of the self-diffusion coefficient of live radicals

(Eqs. (9) and (10)) However, it is expected that as the gel

effect is controlled by the self-diffusion coefficient of live

radicals and most of the dead polymer is produced during

the gel effect, the entanglement theory and the free volume

approach shall give completely different results for

molecular weight developments and conversion history.

However, the inclusion of the same scaling law for the
molecular weight dependence of the live polymer self-

diffusion coefficient leads to almost identical results

regarding conversion history and molecular weight develop-

ments during the gel effect. This indicates that the molecular

weight developments are crucial for the onset of the gel

effect.

In Fig. 7 total free radical concentration as predicted by

the free volume theory using the method of moments (Eqs.

(7) and (8)) and the direct numerical integration method are

compared with experimental data [98]. It should be noted

here that in the method of moments the quasi steady state

approximation (QSSA) was not made. The results shown in

this figure justify completely the QSSA. The predicted total

concentration of radicals (not shown) by using the

entanglement theory was found to be in less satisfactory

agreement with experimental data due to the simplification

made in the calculation of the proportionality constant C

(Eq. (15)).



Fig. 11. Comparison of predicted weight molecular weight distribution with

experimental data [97]. Polymerization temperature 90 8C. Initiator feed

concentration 0.5 wt%. Polymerization time (a) 420 s; (b) 1206 s.
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A deeper question arises from the results shown in the

previous figures and the fact that an infinite number of

distributions exist with the first three leading moments or in

other words the number and weight average molecular

weights being identical: How different are the predictions of

the entanglement theory from the free volume approach for

the polymer entire WMWD?

In Figs. 8–11 a good agreement is shown between

WMWD predicted by the free volume approach and the

entanglement theory using the direct numerical integration

method. These results completely justify the ability of the

entanglement model and the free volume approach to

predict the diffusion controlled bulk polymerization of

MMA.

As initiator concentration increases more radicals are

produced thus leading to a decrease in average molecular

weights (Figs. 3–6). In this case, the maximum of the

WMWD increase and narrower distributions are obtained
(Figs. 8–11). As polymerization temperature increases the

WMWD maximum increases due to the increase in the

termination kinetic rate constants and narrower distributions

are obtained (Figs. 8–11).

In case A, the WMWDwas calculated before the onset of

the gel effect while in case B the WMWD was calculated

near the end of polymerization. In Case A there are very

weak diffusion limitations and the predicted WMWD is

unimodal as predicted by most workers in the field [30,59,

60,63]. In case B there are strong diffusion limitations and

the predicted WMWDs are bimodal. This is attributed to the

fact that after the onset of the gel effect the termination

kinetic rate constants sharply decrease, allowing the

production of radicals with higher molecular weights thus

leading to broader molecular weight distribution. The

observed discrepancy at the very high molecular weight

range (8!105–2!106) between the experimental data of

Balke and Hamielec [97] and the predictions of both models

is attributed partially to the limited resolution of their GPC

procedure at very high molecular weights reported in their

original work as well as to the previously discussed physical

limitations of the present models.
6. Conclusions

In the present work a unified framework is developed for

modeling diffusion controlled free radical homo-polymeriz-

ation. A novel methodology for calculating the entire MWD

in the case of a complex reaction mechanism including

chain length dependent termination was presented. This

simple and effective algorithm is based on the direct

numerical integration method of a large non-linear integro-

differential equations system describing the conservation of

the mass of the various reactants present in a batch

polymerization reactor. In the development of this method

two well-established assumptions, the quasi steady state

approximation (QSSA) for live radicals and the continuous

variable approximation (CVA), were made. The QSSA was

further justified by comparing present algorithm predictions

for total free radical concentration with results obtained by

the method of moments without making any assumption.

All the physical phenomena related to diffusion con-

trolled free radical polymerization such as the gel, the glass

and the cage effects were taken into account. Moreover, two

different approaches for modeling the gel effect, namely the

entanglement theory and the free volume approach, were

compared. These approaches, although based on completely

different physical grounds, were shown to give almost

identical results when they were applied to methyl

methacrylate polymerization in a batch reactor. Both

model predictions are in good agreement with experimental

data for monomer conversion, total free radical concen-

tration, number and weight average molecular weight, as

well as the entire molecular weight distribution for different

polymerization time. These results completely justify the
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ability of both free volume and chain entanglement models

despite their inherent differences, to describe the complex

kinetics of MMA polymerization.

It is believed that the present work may be applied to

other diffusion controlled polymerizations thus leading to a

more rational design of industrial reactors.
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